Abstract. Three classes in the family of aperiodic crystal systems are the displacive modulated phases, the incom mensurate composites and quasicrystals* In each of these families one can have a phase transition incommensurateincommensurate within the incommensurate phase. This transition can be described as a transition from a smooth dependence on the parameters to a discontinuous one. This transition usually is accompanied by the occurrence of a soft excitation that can be considered as a soft phason. The character of the phason and the phase transition is discussed fo r an example from each class. Finally the situation in a more complicated system with two different subsystems is considered: the case of coupling of a ferroelectric and anti ferromagnetic phase.
i-\ for a finite number (n) of basis vectors. If n > 3 the structure is not lattice periodic, but aperiodic. Nevertheless, it is as well ordered as a lattice periodic crystal. One may distinguish three big families of quasiperiodic structures. The first consists of the incommensurately mod ulated crystal (IC) phases. An example is Na2CC>3 in the 7 -phase. In a (displacive) IC phase the positions of the atoms are given by rnj = n + Vj + fj (Q • n) , (2) where n belongs to a lattice A, Vj is a position in the unit cell of this lattice, and fj is a periodic function of its argument. In 
A second class is formed by incommensurate composites, structures consisting o f two or more subsystems which can be described as displacively modulated structures, but in such a way that the basic lattices are mutually incommen surate. A simple example is a system consisting of two in terpenetrating lattices, one with basis vectors a, b and c, the other with a, b and 7 c, where 7 is an irrational number.
The third class is that of quasicrystals. Often these can be described as a quasiperiodic filling of space with two types of rhombohedra without gaps between them and with out overlap. These rhombohedra can be considered as a kind of unit cell, Specifying the contents of each of the rhombo hedra types yields a structural model for a quasicrystal.
Quasiperiodic structures can be obtained as the intersec tion of an n-dimensional periodic structure with the physical space. The idea is that each vector k in the diffraction pat tern can be considered as the projection of a reciprocal lattice vector in n dimensions:
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where b* is an (n -3)-dimensional vector perpendicular to physical space. The vectors (a*, b*) span an n-dimensional reciprocal lattice Y T which is the reciprocal lattice for the lattice ^2-Each atom position in physical space is equiva lent via the lattice ^ to a position in the n-dimensional unit cell. In this way one can construct the periodic structure in nD. For the three classes the atomic positions in physical space correspond to positions on (n -3)-dimensional mani folds in the unit cell called atomic surfaces. In other words, the atomic positions of the quasiperiodic structure are the intersections of physical space and these manifolds. Exam ples of embeddings of 1-dimensional QP systems into 2-dimensional spaces are given in Fig. 1 for each of the classes. For IC phases and incommensurate composites the ato mic surfaces can be smooth or discontinuous. The subject of this contribution is precisely the transition from one sit uation to another. We shall argue that this is a real phase transition from one quasiperiodic structure to another. For quasicrystals the atomic surfaces are always discontinuous: they form disjoint objects with boundaries. We shall argue that nevertheless a similar phase transition may occur here as well. 
This model has been used for the study of phase transitions towards an IC phase, and is related to the shell-model of Migotii and Bilz. The stationnary states of the chain follow from the solutions of the equations:
One solution is always present: un = 0. This so called paraelectric solution is stable for sufficiently high values of a (a > ati). If one chooses 0 = -1, there is a ferroelectric solution (un -c ^ 0) for a sufficiently low (a < a c).
If a* ^ there may be an IC phase un = f(Q * n) for a t: < a < ai. Near ai the function f(x) is a smooth func tion. If one plots un against un-\ for an irrational value of Q the points fall on an ellipse around the origin. For a value of a below ac there is a finite orbit and the points in the plot occupy as many points as the index of the ferroelectric structure with respect to the basic structure. For a a c the points in the plot form clouds around the ferroelectric points.
In that case the positions un are no longer described by a smooth function f(Q • n) but by a discontinuous function.
The change from a smooth to a discontinuous modulation function at a (j, ( a c < ad < &'•;) corresponds to a change from a modulation function that consists of the superposition of a limited number of harmonics to a situation where the mod ulation gives a structure where die displacement is locally domainlike as in the ferroelectric phase, but the domains are separated by discommensurations (domain walls). If the fer roelectric phase has an iV-fold supercell, and one plots every N -th position, the latter form a sinusoidal function near a* and a step function near a c*
The discommensuration transition is also reflected in the dynamics. For a c i < a < a* the shift of the modulation wave with respect to the lattice does not cost any energy. E ven with equal rigidity of the two chains the ampli tudes of the modulation functions can be quite different. Numerically we find that the chain with the longest period has a (much) smaller amplitude for its modulation. Also in this case the modulation function D(x) has a smooth or dis continuous character, depending on the ratio K\/k2, if one keeps the interaction constant. In the K\ -/^-plane there is a transition line from one type to the other: the line of a discommensuration transition. This is analogous to the sit uation in the pure FK-model. The transition there has been called "breaking of analyticity" by Aubry [4] , A lso in this case the discommensuration transition goes with the softening of an excitation. In the absence of cou pling between the chains, there are two acoustic phonon branches, without frequency gap. In the presence of coupling one acoustic excitation remains without gap in all cases: the synchronous motion of the two chains. The two original acoustic branches give rise to one synchronous and one aniichronous branch, and the latter has generally a gap. How ever, if the chains are incommensurate and the modulation functions of both chains are smooth, the gap remains closed. Tlie reason is that the shift of the two chains with respect to each other does not cost energy. If the equilibrium po sitions can be reached from each other by an infinitesimal shift, the antiparallel motion has zero frequency. If the mod ulation function becomes discontinuous, the shift involves jumps over a finite distance, and the gap opens. Also in this case the discommensuration transition is accompanied by a soft excitation.
Soft phasons
A structural model for quasicrystals is a tiling (without gaps or overlaps). The vertices of such a quasiperiodic tiling can be obtained from an n-dimensional periodic array of dis crete atomic surfaces with physical space. A tilting of this space with respect to the higher-dimensional lattice towards a pi ane through lattice points yields a periodic approximant. Such structures have indeed been found. On the other hand one can describe a quasiperiodic tiling as consisting of do mains with locally the structure of such an approximant, whereas the domains are separated by domain walls or discominensurations.
As an example we consider the 1-dimensional Fibonacci chain. This can be constructed as follows. which consists of periodic domains with unit cell aba, sep arated by discommensurations b [5] .
A phason is an excitation in which the atomic surfaces move perpendicularly to the physical space. It can be de scribed as the motion of a discommensuration. Although hy drodynamic models [6] consider that a phason may soften, allowing the passage from a quasicrystal to a quasiperiodic array of approximate domains, the physical situation is not so simple and involves a balance between entropy and en ergy in which essentially nonlinear modes play a role.
Domain walls in magnetoelectrics
Domain wall motion is a nonlinear excitation. As such this occurs in the ferroelectric state. For the transition towards the incommensurate state the energy of a domain wall goes to zero at the transition. In the incommensurate phase the vibrations of the discommensuration lattice are linear exci tations, but the wails can also move as nonlinear soliton-like excitations.
A particular case of this can occur in systems with both an electric and a magnetic order parameter. As a model we take the coupling of a DIFFOUR model with an ANNNI (axial next-nearest neighbour Ising) model with Hamiltonian
The ground state of this system can be determined, for ex ample, in a mean field approximation. If the parameters are such that there are both a ferroelectric phase transition at Tf and an anti ferromagnetic transition at Tc, and Tf < Tc> then there is an electric polarisation already between the two phase transitions. It is induced by the nonvanishing an tiferromagnetic order parameter.
Because of the degeneracy of the two ground states, there can be a domain wall for which the motion is described by
where hn is die mean field at position n. These equations can be approximated in a continuum approximation. The solu tions are solitary waves. These continuum solutions then can be used as input for a numerical integration of the equations of motion. The results have been discussed in [7] , Without damping or external electric field, the solitary waves lose their energy only slowly if the speed is low enough. For higher velocities energy is radiated in the form of phonons.
With damping and an electric field the ferroelectric domain walls move practically undeformed. They are coupled to an tiferromagnetic domain walls moving with them.
These results are for the case 8 = A = 0, when there is no incommensurate ground state. As we have seen the domain walls appear as discommensurations when there is an IC phase (for <5^0). The motion of these discommensurations is governed by the same rules as that of the domain walls above.
The phase transition is accompanied by the softening of an excitation, the softening of a mode of the discomniensura tion lattice, or the opening of a gap in composite structures, or the softening of a phason in quasicrystals.
In magnetoelectric systems coupling between magnetic and electric domain walls allows the study of antiferromag netic domain walls and their dynamics.
